In an earlier paper, the author has shown that the generalized Blaschke condition is satisfied by bounded holomorphic functions in the polydisc or the ball in C. By essentially the same method, it is shown in the present paper that the same condition is satisfied by larger classes of functions, the Nevanlinna classes.
Introduction.
Let Í2 denote the unit polydisc Un + 1 or the unit ball Bn + 1 in the space Cn + 1 of (n+l) complex variables. Let/^0
be a bounded holomorphic function in Q. and let /x(z) be its zero-multiplicity at z e ii. Let Hk denote the Hausdorff Ä>measure in Cn + 1. (H2n + 2 is equal to the Lebesgue measure on Cn + 1.) It was shown in [1] that the following Blaschke condition holds for/:
(1.1) fdrf /x(z) dH2n(z) < oo,
where Í2(0 is the polydisc or ball of radius r. This generalizes the well-known Blaschke condition for bounded holomorphic functions in the unit disc U. Professor P. Ahern raised the question if the condition (1.1) was also satisfied by functions in the Hardy class H2(Q). The purpose of this paper is to answer this in the affirmative. In fact we shall show that the Blaschke condition is satisfied by an even larger class of functions, namely, the Nevanlinna class A'(Q). This again generalizes the one variable result. For convenience, we shall denote by dQ. the distinguished boundary Tn + 1 of Un + 1 when Q.= Un + 1 and the (2n-l) dimensional sphere 52n_1 when i2 = Pn + 1. For /holomorphic in £2, we define Theorem 1.1. Letfe N(Q),f^ 0, and let p. be its zero-multiplicity. Then f satisfies the Blaschke condition (1.1).
Our proof follows that of [1] . We shall use the notation and results established there.
I wish to thank Professor Ahern for raising the question. We may assume without loss of generality that/(zy)^0 for ally (see [1, §6] ). We shall show in the following sections that, under this assumption, each integral on the right is finite (Lemmas 3.3 and 3.4). This will imply that the Blaschke condition (1.1) holds for/. ||/||0 forO^ r¡ <l,lg)á«+Í.
Multiplying by rydrx-■ -rn + 1 drn + 1 and integrating from 0 to 1 for each r¡, we get -tt^8<tt and a2= 1 -\\x\\2. Thenj>-»/(w) dm(w) = ¡Bk 2 dm{x) /*"/(*, 9) ddforallfeL1^"1).
Proof. Put V=Bk_2 x (-"■> ~"), ®(x, 0) = (x, a cos 6, a sin 6) in Lemma 4.1. Then <P-is 1-1 on V and J<&(xu 8)= 1. The image of <P is all of S*"1 minus a set of measure zero. The corollary follows by applying Fubini's theorem to V.
Added in Proof. Professor E. L. Stout has obtained similar but more general results as our Theorem 1.1, and also a different proof of Corollary 4.2.
